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Abstract. Proving inequalities has a special place in the International 

Mathematical Olympiad. There are various methods of proving such inequalities, and 

this article presents a method of proving inequalities using the Lagrange function, 

which is simple and easy to use. 
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It is known that the issue of finding extremums of multivariable functions is 

relevant in practice. Also, the extremum of a multivariable function found under certain 

conditions is important in solving optimization problems and in practice. In particular, 

the finding of conditional extremums of functions of this type can be used to prove 

inequalities in mathematical Olympiad Problems. This article presents an 

understanding of a conditional extremum and the Lagrange function, as well as a 

method of proving the inequalities of the International Mathematical Olympiad using 

this function. 

Definition. Suppose that the function 𝑓(𝑥) with 𝑛 variables is defined around a 

point 𝑎. If we find that the circumference of point 𝑎 is such that the inequality 𝑓 (𝑎)  ≥

𝑓 (𝑥) (𝑓 (𝑎)  ≤ 𝑓 (𝑥)) holds for any point 𝑥 taken from this circumference, then the 

function 𝑓 is the local maximum (local minimum) at point 𝑎 ∈ ℝ𝑛.       

We now study the problem of finding the extreme values of a given function when 

some additional conditions are met. In this case, the additional conditions are usually 

given in the form of limiting the values of the variables. 
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For example, the arguments for the maximum value of the function 𝑓(𝑥, 𝑦, 𝑧) with 

three variables 

𝑔(𝑥, 𝑦, 𝑧) = 0 

let us consider the problem of finding when an additional condition is satisfied. In 

this case, the function of three variables 𝑔(𝑥, 𝑦, 𝑧) is a function that is sufficiently 

differentiable. In this case, the maximum value is called the conditional maximum, the 

minimum value is called the conditional minimum. Conditional maximum and 

conditional minimum together are called conditional extremum. 

The Lagrange multiplier method is mainly used to find conditional extrema. That 

is, by selecting such a number 𝜇, the following Lagrange function is created: 

𝐿(𝑥, 𝑦, 𝑧, 𝜇) = 𝑓(𝑥, 𝑦, 𝑧) − 𝜇𝑔(𝑥, 𝑦, 𝑧) 

Then the following system of equations, formed by equalizing all partial 

derivatives of the Lagrange function to zero, is solved and the number 𝜇 is found: 

{
  
 

  
 
𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜇)

𝜕𝑥
= 0

𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜇)

𝜕𝑦
= 0

𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜇)

𝜕𝑧
= 0

 

Putting the found number 𝜇 in the system of equations, we find the relationship 

between the variables, conditioning the found relations 𝑔(𝑥, 𝑦, 𝑧)  =  0, which gives 

the function 𝑓(𝑥, 𝑦, 𝑧) to the conditional extremum (𝑥, 𝑦, 𝑧) point is found. The value 

of the found point in the function 𝑓(𝑥, 𝑦, 𝑧) is the conditional extremum of the function. 

Sufficient conditions of the extremum are used to determine whether the found point 

is a conditional maximum or a conditional minimum. 

Below are the inequalities that can be proved using this method. 

Example 1 [Korea-1998]. If 𝑥, 𝑦, 𝑧 are positive numbers and satisfy the equality 

𝑥 + 𝑦 + 𝑧 = 𝑥𝑦𝑧, 

then prove the following inequality: 

1

√1 + 𝑥2
+

1

√1 + 𝑦2
+

1

√1 + 𝑧2
≤
3

2
. 

Proof. 

First, let's look at the following function:   𝑓(𝑥, 𝑦, 𝑧) =
1

√1+𝑥2
+

1

√1+𝑦2
+

1

√1+𝑧2
. 

According to the condition of the problem, when the arguments of this function 

satisfy the condition 𝜑(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧 − 𝑥 − 𝑦 − 𝑧 = 0, we must find the conditional 

maximum value of the function 𝑓(𝑥, 𝑦, 𝑧). 

http://sjifactor.com/passport.php?id=22323
https://t.me/openidea_uz


Innovative Development in Educational Activities         ISSN: 2181-3523        VOLUME 2 | ISSUE 2 | 2023  

 

        Scientific Journal  Impact Factor (SJIF): 4.654         http://sjifactor.com/passport.php?id=22323  

 

   

https://t.me/openidea_uz                    Multidisciplinary Scientific Journal                     January, 2023 166 

 

We construct the Lagrangian function: 

𝐿(𝑥, 𝑦, 𝑧, 𝜆) = 𝑓(𝑥, 𝑦, 𝑧) − 𝜆𝜑(𝑥, 𝑦, 𝑧)

=
1

√1 + 𝑥2
+

1

√1 + 𝑦2
+

1

√1 + 𝑧2
− 𝜆(𝑥𝑦𝑧 − 𝑥 − 𝑦 − 𝑧). 

here 𝑥, 𝑦, 𝑧 ∈ ℝ+.  

Using partial derivatives of the constructed Lagrange function, we create the 

following system of equations: 

{
 
 
 

 
 
 
𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜆)

𝜕𝑥
= −

𝑥

√(1 + 𝑥2)3
− 𝜆(𝑦𝑧 − 1) = 0

𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜆)

𝜕𝑦
= −

𝑦

√(1 + 𝑦2)3
− 𝜆(𝑥𝑧 − 1) = 0

𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜆)

𝜕𝑧
= −

𝑧

√(1 + 𝑧2)3
− 𝜆(𝑥𝑦 − 1) = 0

 

From this system of equations can be found:    𝑥 = 𝑦 = 𝑧 = √3 , 𝜆 = −
√3 

16
. 

We check the found point 𝐴(√3, √3,√3) for the second sufficiency condition of 

the extremum. For this, we find the second-order differential of the Lagrange function: 

𝑑2𝐿 =
1 − 2𝑥2

√(1 + 𝑥2)5
𝑑𝑥2 +

1 − 2𝑦2

√(1 + 𝑦2)5
𝑑𝑦2 +

1 − 2𝑧2

√(1 + 𝑧2)5
𝑑𝑧2 + 2𝜆𝑧𝑑𝑥𝑑𝑦

+ 2𝜆𝑦𝑑𝑥𝑑𝑧 + 2𝜆𝑥𝑑𝑦𝑑𝑧. 

According to the condition, 𝜑(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧 − 𝑥 − 𝑦 − 𝑧 = 0. We find the 

second-order differential of the function 𝜑(𝑥, 𝑦, 𝑧):  

𝑑2𝜑(𝑥, 𝑦, 𝑧) = 2(𝑥𝑑𝑦𝑑𝑧 + 𝑦𝑑𝑥𝑑𝑧 + 𝑧𝑑𝑥𝑑𝑦) = 0,  

Thus,  

𝑑2𝐿 =
1 − 2𝑥2

√(1 + 𝑥2)5
𝑑𝑥2 +

1 − 2𝑦2

√(1 + 𝑦2)5
𝑑𝑦2 +

1 − 2𝑧2

√(1 + 𝑧2)5
𝑑𝑧2. 

If we put 𝐴(√3, √3, √3) in the last equation, then we have  

𝑑2𝐿|𝐴 = −
5

32
𝑑𝑥2 −

5

32
𝑑𝑦2 −

5

32
𝑑𝑧2 < 0, 

Thus, the function 𝑓(𝑥, 𝑦, 𝑧)  reaches a conditional maximum at the point 

𝐴(√3, √3, √3) , and from that we have 

1

√1 + 𝑥2
+

1

√1 + 𝑦2
+

1

√1 + 𝑧2
≤
3

2
. 
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Example 2 [United Kingdom-1999]. If the equality 𝑥 + 𝑦 + 𝑧 = 1 holds for 

non-negative numbers 𝑥, 𝑦, 𝑧, prove the following inequality: 

7(𝑥𝑦 + 𝑦𝑧 + 𝑥𝑧) ≤ 2 + 9𝑥𝑦𝑧. 

 

 

Proof.  

First, let's look at the following function:   𝑓(𝑥, 𝑦, 𝑧) = 7(𝑥𝑦 + 𝑦𝑧 + 𝑥𝑧) − 9𝑥𝑦𝑧. 

According to the condition of the problem, when the arguments of this function 

satisfy the condition 𝜑(𝑥, 𝑦, 𝑧) = 𝑥 + 𝑦 + 𝑧 − 1 = 0 , we must find the conditional 

maximum value of the function 𝑓(𝑥, 𝑦, 𝑧). 

We construct the Lagrange function: 

𝐿(𝑥, 𝑦, 𝑧, 𝜆) = 𝑓(𝑥, 𝑦, 𝑧) − 𝜆𝜑(𝑥, 𝑦, 𝑧)

= 7(𝑥𝑦 + 𝑦𝑧 + 𝑥𝑧) − 9𝑥𝑦𝑧 − 𝜆(𝑥 + 𝑦 + 𝑧 − 1). 

Using partial derivatives of the constructed Lagrange function, we create the 

following system of equations: 

{
  
 

  
 
𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜆)

𝜕𝑥
= 7(𝑦 + 𝑧) − 9𝑦𝑧 − 𝜆 = 0

𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜆)

𝜕𝑦
= 7(𝑥 + 𝑧) − 9𝑥𝑧 − 𝜆 = 0

𝜕𝐿(𝑥, 𝑦, 𝑧, 𝜆)

𝜕𝑧
= 7(𝑥 + 𝑦) − 9𝑥𝑦 − 𝜆 = 0

 

From this system of equations can be found:    𝑥 = 𝑦 = 𝑧 =
1

3
 , 𝜆 =

11

3
. 

We check the found point 𝐴 (
1

3
,
1

3
,
1

3
) for the second sufficiency condition of the 

extremum. For this, we find the representation of the second-order differential of the 

function 𝐿(𝑥, 𝑦, 𝑧, 𝜆)  at the found point 𝐴 (
1

3
,
1

3
,
1

3
): 

𝑑2𝐿|𝐴 = [2(7 − 9𝑧)𝑑𝑥𝑑𝑦 + 2(7 − 9𝑦)𝑑𝑥𝑑𝑧 + 2(7 − 9𝑥)𝑑𝑦𝑑𝑧]|𝐴
= 8(𝑑𝑥𝑑𝑦 + 𝑑𝑥𝑑𝑧 + 𝑑𝑦𝑑𝑧). 

According to the condition of the problem, we have 𝜑(𝑥, 𝑦, 𝑧) = 𝑥 + 𝑦 + 𝑧 − 1 =

0. We calculate the second-order differential of the square of this function: 

𝜑2(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 + 2𝑥𝑦 + 2𝑥𝑧 + 2𝑦𝑧 − 2𝑥 − 2𝑦 − 2𝑧 + 1 = 0, 

𝑑2𝜑2(𝑥, 𝑦, 𝑧) = 2𝑑𝑥2 + 2𝑑𝑦2 + 2𝑑𝑧2 + 4𝑑𝑥𝑑𝑦 + 4𝑑𝑥𝑑𝑧 + 4𝑑𝑦𝑑𝑧 = 0. 

From this we find the following equality: 

𝑑𝑥𝑑𝑦 + 𝑑𝑥𝑑𝑧 + 𝑑𝑦𝑑𝑧 = −
1

2
(𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2). 

Thus, 

𝑑2𝐿 = 8(𝑑𝑥𝑑𝑦 + 𝑑𝑦𝑑𝑧 + 𝑑𝑥𝑑𝑧) = −4(𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2) < 0. 
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The function 𝑓(𝑥, 𝑦, 𝑧)  reaches a conditional maximum at the point 

𝐴(√3, √3, √3) , and from that we have 

7(𝑥𝑦 + 𝑦𝑧 + 𝑥𝑧) ≤ 2 + 9𝑥𝑦𝑧. 

Example 3 [Hungary – 1996]. If the sum of positive numbers 𝑥, 𝑦 is equal to 1, 

then prove the following inequality: 

𝑥2

𝑥 + 1
+

𝑦2

𝑦 + 1
≥
1

3
. 

Proof.  

First, let's look at the following function:   𝑓(𝑥, 𝑦) =
𝑥2

𝑥+1
+

𝑦2

𝑦+1
. 

According to the condition of the problem, when the arguments of this function 

satisfy the condition 𝜑(𝑥, 𝑦) = 𝑥 + 𝑦 + 1 = 0 , we must find the conditional minimum 

value of the function 𝑓(𝑥, 𝑦). 

We construct the Lagrange function: 

𝐿(𝑥, 𝑦, 𝜆) = 𝑓(𝑥, 𝑦) − 𝜆𝜑(𝑥, 𝑦) =
𝑥2

𝑥 + 1
+

𝑦2

𝑦 + 1
− 𝜆(𝑥 + 𝑦 − 1). 

here 𝑥, 𝑦 ∈ ℝ+.  

Using partial derivatives of the constructed Lagrange function, we create the 

following system of equations: 

{
 
 

 
 𝜕𝐿(𝑥, 𝑦, 𝜆)

𝜕𝑥
= 1 −

1

(1 + 𝑥)2
− 𝜆 = 0

𝜕𝐿(𝑥, 𝑦, 𝜆)

𝜕𝑦
= 1 −

1

(1 + 𝑦)2
− 𝜆 = 0

 

From this system of equations can be found:  𝑥 = 𝑦 =
1

2
, 𝜆 =

5

9
. 

  

We check the found point 𝐴 (
1

2
,
1

2
) for the second sufficiency condition of the 

extremum. For this, we find the representation of the second-order differential of the 

function 𝐿(𝑥, 𝑦, 𝜆)  at the found point 𝐴 (
1

2
,
1

2
): 

𝑑2𝐿 =
2

(1 + 𝑥)3
𝑑𝑥2 +

2

(1 + 𝑦)3
𝑑𝑦2 ⟹ 𝑑2𝐿|𝐴 =

16

27
 𝑑𝑥2 +

16

27
𝑑𝑦2 > 0. 

Thus, the function 𝑓(𝑥, 𝑦)  reaches a conditional minimum at the point 𝐴 (
1

2
,
1

2
) , 

and from that we have 

𝑥2

𝑥 + 1
+

𝑦2

𝑦 + 1
≥
1

3
. 
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