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ABSTRACT 

In this article, we study a one-parameter family of circle homeomorphisms with 

one break point. It is proved that in the case of a rational rotation  number the number 

of periodic trajectories does not exceed two.  
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 Consider a one-parameter family of mappings of the unit circle [1]:  
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where the bracket }{ - denotes the fractional part of the number, and ),( xf - 
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Let us   denote the number of rotations corresponding to, responsible 
f

T [2]: 
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From the )) ed − conditions it follows that xT  for each fixed value of the 

parameter has only one break point )(0 t . The number )(c is called the break point 

T .  

 Everywhere below we will denote by the nf n −)(  st superposition of the 

function f .  It is easy to see that   monotonically (not strictly) depends on the 

parameter   . 

Note that each rational 
q

p
=  corresponds to a non-degenerate segment (values 

  such that 
q

p
=  , while irrational   corresponds only to   ). 

 Let )1,0(,
2
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A - be the Faria interval of the −n nd level [1]: 

1) 12112 =− qpqp  

2) All rational numbers inside the interval A  have the form 
21

21

lqkq

lpkp

+

+
. 

Rational number with minimum denominator is 
21

21

qq

pp

+

+
.  

We choose an arbitrary point 0x  on the circle and a segment of the trajectory of 

this point }0,{ 210 qqixTx i
i +=  . Denote 

)1(
0  and 

)2(
0  segments  ],[

10 qxx  and 

],[ 02
xxq , respectively. We also denote the images of these segments under the action 

of T  by 
)1(

i  and 
)2(

j  [1]: 

)2(
0

)2()1(
0

)1(
, == i

j
i

i TT    . 

 The following assertion was proved in [2] and works without any changes in our 

situation. 

Лемма 1. Suppose 









2

2

1

1 ,)(
q

p

q

p
T . Trajectory segment 

}0,{ 210 qqixTx i
i +=   divides the circle into non-intersecting segments 

2
)1(

0, qii  and 1
)2(

0, qjj  .  
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Denote the constructed partition ),( 0xA . Let’s put 

|)0(ln)0(ln|,ln 001 ++−+== xfxffar
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An  be a Farey interval of rank −n  [1], and nmAm , - be some 

Farey interval of rank m  containing nA . Let nAT )( . Let’s choose n  - arbitrary 

element of partition ),( 0tAm  containing n  . Let’s denote by || . 
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Let the continued fraction expansion of   be of the form 

.2],,...,,[)),(( 21 == nn kkkk
q

p
xf  

Let’s designate )(
q

p
I  the segment of the value of the parameter  such that 

q

p
=)(  . Fix some )(

q

p
I  and denote 


==  ff TTff , . For a rational rotation 

number of 
q

p
=)( , there always exists at least one periodic trajectory of period q . 

Let }10,{ )( − qiy i  be an arbitrary periodic trajectory. Let ],[ 21 yy  denote the 

segment formed by the trajectory }10,{ )( − qiy i  and containing the singular point 

0t . Let’s move on to renormalized coordinates: 

zyyyx )( 212 −+=  

and define the function corresponding to 
q
fT  in the renormalized coordinate 

system: 
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Denote by d  the renormalized coordinate of the point :0t  
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Theorem 1. There is a constant 03 c  such that 
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 Proof. Consider the partition of the circle generated by the trajectory 
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In [1], it was proved 
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It is easy to see that function )( 01 zf  is close to piecewise linear function )( 0zfd

, where 
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Since nconst 0  is valid estimate: 

Using (2)-(6) we obtain (1).   

Theorem 1 implies that )(zf  is convex at 10  c  and concave at 1c . Indeed, 

by direct calculation it is easy to verify that 
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IJ  . Denote the Lebesgue measure on ]1,0[  by  . 

We now formulate the main results of our work. 
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Theorem 2. For all Nn  , the following statements are true: 

(a) if )(1
q

p
=  or )(2

q

p
=  , then T  has a unique periodic trajectory of 

period ;q  

(c) at 







 )(),( 21

q

p

q

p
 there are equal to two periodic trajectories of period 

q . 

Theorem 3. The Lebesgue measure of the set J  is equal to zero, i.e. 0)( =J . 
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