Innovative Development in Educational Activities ISSN: 2181-3523 VOLUME 2| ISSUE 7 | 2023

Scientific Journal Impact Factor (SJIF): 5.938 http://sjifactor.com/passport.php?id=22323

CIRCLE MAPPINGS WITH BREAKS

Karshiboev Khayrullo Kilichovich
Candidate of Physical and Mathematical Sciences,
Associate Professor, Head of the
Department of Higher Mathematics,
Samarkand Institute of Economics and Service,
Republic of Uzbekistan, Samarkand
E-mail: karshiboyev@mail.ru

ABSTRACT
In this article, we study a one-parameter family of circle homeomorphisms with
one break point. It is proved that in the case of a rational rotation number the number
of periodic trajectories does not exceed two.
Key words: circle homeomorphism, renormalization, rotation number.

Consider a one-parameter family of mappings of the unit circle [1]:
Tox={f(x, Q} xes'=[0,1), Qe[0;1]

where the bracket {}- denotes the fractional part of the number, and f(x,Q)-

satisfies the following conditions:
a) atafixed Q, f(x; ) - continuous monotonically increasing function;

b) f(0;0)=0, f(x+LQ)=f(x;Q)+1 xeR";

C) o (60) > const > 0
d) tp : [0;1] —[0;1] continuous curve;
e) for every fixed Q e[0;1], A (xQ) > const > 0; for

vx e ST\ {ty(Q)}, f(x; Q) e CH(ST\{ty,()}) , at some ¢ >0 and
f(to(Q).Q) _
Letus po denote the number of rotations corresponding to, responsible Ty, [2]:

c(QQ) = 1.
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()
o, = lim — Q)

n—oo n

From the d)—e)conditions it follows that Tox for each fixed value of the
parameter has only one break point t;(€2). The number c(€2) is called the break point
To.

Everywhere below we will denote by the £ _n st superposition of the
function f. It is easy to see that po monotonically (not strictly) depends on the

parameter Q .

Note that each rational p= P corresponds to a non-degenerate segment (values
q

p

Q such that pq :a , While irrational p corresponds only to Q ).

Let A= (% %) < (0,1) - be the Faria interval of the n—nd level [1]:
1 U2

1) P20y — P2 =1

2) All rational numbers inside the interval A have the form M
koy +105
Rational number with minimum denominator is M.
01 + 2

We choose an arbitrary point x, on the circle and a segment of the trajectory of
this point {x; :Téx0,0£i<q1 +0,}. Denote A%) and A(OZ) segments [Xg,Xq ] and
[xqz , XoJ, respectively. We also denote the images of these segments under the action
of Tg by A(il) and A(J?') [1]:

AP =T'AY, AP =T'AP

The following assertion was proved in [2] and works without any changes in our
situation.

Jlemma 1. Suppose po(T)e L& &j : Trajectory segment

0 Q2
{xi:Tgizxo,Osi<q1+q2} divides the circle into non-intersecting segments

A(il), 0<i<g, and A(jz), 0<j<q.
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Denote the constructed partition E(A Xg)- Let’s put
v=varg In f' <o, v=v+|In f'(xg —0)+In f'(xg +0)[,
q=max(q,d,), p=max(py, Po)- Consider an arbitrary trajectory

Yi ITgilyo, Yo ESl such that Yi #Xp =0, 0<i <Qs.

Jlemma 2. Suppose p(r)e[M, B) or p(T)=(£j. Then
G+d2 g q

_ q_l _
e U< I1f'(y;)<e”.
i=0

Let A, :(% %J be a Farey interval of rank n— [1], and A,,,m<n- be some
1 Y2

Farey interval of rank m containing A,. Let p(T) e A,. Let’s choose A, - arbitrary

element of partition £(A,,, ty) containing A,, . Let’s denote by |A|.
1
Jlemma 3. Let’sput A=(1+e7") 2 <1.

|A, [<constA” ™M A | | A, < const A",

Let the continued fraction expansion of p be of the form

p(F (% Q))=§=[k1,kz,...,kn],kn >2.
Let’s designate I(g) the segment of the value of the parameterQ such that
p(Q) :g . Fix some Qe I(E) and denote f = fqo, T =T¢_ . Fora rational rotation

number of p(QQ) :g, there always exists at least one periodic trajectory of period (.

Let {y", 0<i<q-1 be an arbitrary periodic trajectory. Let [y;,y,] denote the

segment formed by the trajectory {y(i), 0<i<qg-1} and containing the singular point
to. Let’s move on to renormalized coordinates:

X=Yo +(Y1—VY2)Z
and define the function corresponding to qu in the renormalized coordinate

system:
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f)=—21
Yyi—=Y2
Denote by d the renormalized coordinate of the point t :
d=(to —y2)/(y1-¥2)
and define the function Fy(z), z [0, 1]:

[T (y2 + (Y1 - ¥22)) - Y21, z<[0,1].

-

zC
, z€[0,d]
F1 ) d1-c?®)+c® +z(c-1)
d\2)= 2 2
d(12—c )+ zC ze[d 1]
d@-c“)+c+zc(c-1)
Theorem 1. There is a constant ¢ >0 such that
r ne
f@D-Fa@|eeo ey <4 @

Proof. Consider the partition of the circle generated by the trajectory
(y,0<i<q-1) . Denote Ag=[y.Y,], A;=TiAy 1<i<q-1. Obviously
TJAg =4 . Itis not difficult to show [1] that |A;|<constA",1<i<q—1. Function
f(z) can be represented as a superposition of two functions f, and f,, corresponding
to mappings Tp:Ag = Aq, Tg,o'_1 :A1 > Aq =Ag. Let us determine the relative
coordinates inside the segments A; :

X=Tiy, +(Tiy —Tiy,)z.
Then the functions f;and f,can be written as:

1
f1(z9) = +(Y1—Y2)29) - T
1(2o) (Teyl—Tah)[Te(yz (Y1 = ¥2)20) — Toyo]
1 _
fa(z1) = [T (Taya + (Toy1 —Toya)z) - Vol
Y1—Yo
Wherein
f(z) = f,(f1(2)). (2)
In [1], it was proved
Mz | ne
f5(z1) — 1 < const A (3)
1+ (M =Dz o
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where
”(y) (y) (y) f"(y)
InM = Z dy = —=—dy
i 1Aj 2f (y) i—04, 2f (y) A, 21°(Y) £O2f (v)
(4)
Insofar as | | &dy <const A", we get
A, 2T'(y)
Ccz
fo(z) ————2+ <constA"  (5)
2 1+ Zl(C—l) Cz([O,l])
It is easy to see that function f;(zq) is close to piecewise linear function f(zg)
, Where
Zo
. Zn€[0, d
2a-dy+d 0.4
fq(zo) = 2 2 (6)
d(l-c%)+zqC
5 , Zp€[d, 1]
| c“(1-d)+d

Since [Aq| < const A" is valid estimate:
Using (2)-(6) we obtain (1).
Theorem 1 implies that f(z) is convex at 0<c <1 and concave at ¢ >1. Indeed,
by direct calculation it is easy to verify that
2
j—Fd(z)>20 (1-c), z#d mpum O<c<l
4
q2
i — Fd(z)<——(c 1), z#d mnpuc>1.
Let’s put

1 1 .1
N=|——In(—|c-1|min(—,c .
Lln 715 e —1|min( ))}

Denote the interval I( ) {Ql(g),fzz(g)}

Let’sput J =[0,1]\ U I(E) . Denote the Lebesgue measure on [0, 1] by 4.
0<P«

We now formulate the main results of our work.
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Theorem 2. For all n> N, the following statements are true:

(@) if Qle(g) or Q=Qz(§) , then T has a unique periodic trajectory of
period q;

(c)at Qe [Ql(ﬂ), QZ(E)J there are equal to two periodic trajectories of period
q q

Theorem 3. The Lebesgue measure of the set J is equal to zero, i.e. A1(J)=0.
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